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Abstract. In representation theory of algebras the notion of 'mutation' often plays important roles, 
and two cases are well known, i.e. 'cluster tilting mutation' and 'exceptional mutation'. In this paper we 
focus on 'tilting mutation', which has a disadvantage that it is often impossible, i.e. some of summands of 
a tilting object can not be replaced to get a new tilting object. The aim of this paper is to take away this 
disadvantage by introducing 'silting mutation' for silting objects as a generalization of 'tilting mutation'. 
We shall develop a basic theory of silting mutation. In particular, we introduce a partial order on the 
set of silting objects and establish the relationship with 'silting mutation' by generalizing the theory 
of Riedtmann-Schofield and Happel-Unger. We show that iterated silting mutation act transitively on 
the set of silting objects for local, hereditary or canonical algebras. Finally we give a bijection between 
silting subcategories and certain t-structures. 
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1. Introduction 

In representation theory of algebras the notion of 'mutation' often plays important roles. Mutation is 
an operation for a certain class of objects (e.g. cluster tilting objects) in a fixed category to construct 
a new object from a given one by replacing a summand. Two important cases are well-known: One is 
'cluster tilting mutation' |BMRRTl IIY1 IIW] for cluster tilting objects which is applied for categorification 
of Fomin-Zelevinsky cluster algebras, and the other is 'exceptional mutation' for exceptional sequences 
which is used to study the structure of derived categories of algebraic varieties jGRI IC] . 

From Morita theoretic viewpoint jRiclj . tilting objects are the most important class of objects, and 
'tilting mutation' for tilting objects has been studied by several authors. 'Tilting mutation' has the origin 
in BGP (=Bcrnstcin-Gclfand-Ponomarev) reflection functor |BGPj in quiver representation theory, and 
reflection functors are understood as a special class of APR (=Auslander-Platzeck-Reiten) tilting modules 
|APR| . which are 'tilting mutations' obtained by replacing a simple summand of the tilting A- modules A. 
In 1991 general 'tilting mutation' for tilting modules was introduced by Riedtmann-Schofield [RSj in their 
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study of combinatorial aspects of tilting theory. It has been shown by Happel-Unger [HUj that 'tilting 
mutation' is closely related to the partial order of tilting modules given by the inclusion relation of the 
associated t-structures, and this is a big advantage of 'tilting mutation' which 'cluster tilting mutation' 
and 'exceptional mutation' do not have. Their beautiful theory of 'tilting mutation' has a lot of important 
applications, especially in the study of cluster categories and preprojective algebras |BMRRTl IIR1 IBIRSl 
IBIKR1 1ST] . Another important source of 'tilting mutation' is modular representation theory, where 
'tilting mutation' for tilting complexes was introduced by Okuyama and Rickard [O] [Ric2 , HK ] , and has 
played an important role in the study of Broue's abelian defect group conjecture. 

It is remarkable that 'tilting mutation' has a big disadvantage that it is often impossible, i.e. some 
of summands of a tilting object can not be replaced to get a new tilting object. So it is usual that we 
can not get sufficiently many tilting objects by iterated 'tilting mutation'. For example the tilting A- 
module DA usually can not be obtained by iterated 'tilting mutation' of A even for the case of hereditary 
algebras A. The aim of this paper is to take away this disadvantage by introducing 1 silting mutation^ 
for silting objects. In this context 'tilting mutation' should be understood as a special case of 'silting 
mutation'. Actually classical notion of APR and BB tilting modules and Okuyama-Rickard complexes 
can be understood as special cases of 'silting mutation' (Theorems 12.531 and I2.50| ). Silting objects are 
generalization of tilting objects, and sometimes appeared in representation theory mainly in the study 
of t-structures, e.g. Keller- Vossicck [K V] . Hoshino-Kato-Miyachi [HKMj . Asscm-Salorio-Trepode |ASTj 
and Wei [Wj . A point is that 'silting mutation' is always possible in the sense that any summand of a 
silting object always can be replaced to get a new silting object (Theorem 12. 31|) . Hence it is natural to 
hope that 'silting mutation' gives us sufficiently many silting objects in triangulated categories. We pose 
the following question (Question I2.42[) , where the corresponding property for tilting objects is usually 
not satisfied. 

Question 1.1. Let A be a finite dimensional algebra over a field. When does A satisfy the following 
property (T) (respectively, (T'))? 

(T) (respectively, (T')) The action of iterated irreducible 'silting mutation' (respectively, iterated 
'silting mutation') on the set of basic silting objects in K b (proj-^4) is transitive. 

We shall show the following partial answers in Corollary 12.431 and Theorem 13.11 

Theorem 1.2. If A is either a local algebra, a hereditary algebra or a canonical algebra, then (T) is 
satisfied. 

It will be shown in (A] that (T) is satisfied also for representation-finite symmetric algebras. On the 
other hand, there is a symmetric algebra such that (T) is not satisfied |AGI| . We do not know any algebra 
such that (T') is not satisfied. 

As a basic tool of the study of silting objects, we shall introduce a partial order on silting objects 
(Theorem 12. lip and establish the relationship with 'silting mutation' (Theorem I2.35|) by generalizing 
the theory of Riedtmann-Schofield and Happel-Unger for tilting modules. In particular, Question 11.11 is 
equivalent to the following question. 

Question 1.3. Let A be a finite dimensional algebra over a field. When is the Hasse quiver of the 
partially ordered set of basic silting objects in K b (proj-yl) connected? 
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In our paper we study basic properties of silting objects/subcategories. We show that non-isomorphic 
indecomposable objects in any silting subcategory form a basis of the Grothendieck group of the triangu- 
lated category (Theorem 12. 27[) . In particular all basic silting objects have the same number of indecom- 
posable summands (Corollary I2.28[l . We also introduce 'silting reduction' (Theorem I2.37|) . which gives 
a bijcction between silting subcategories containing a certain fixed subcategory and silting subcategories 
in a certain quotient triangulated category. 

In section f4. 2 1 we study in detail the relationship between silting subcategories and t-structures under 
the assumption that the triangulated categories have arbitrary coproducts, and improve some of pioneer- 
ing results of Hoshino-Kato-Miyachi [HKM| . The advantage of this setting is that each set of compact 
objects gives rise to a torsion pair (Theorem 14. 3p . which is not the case for the setting of section O 
This basic result seems to be new and to have independent interest. As an application, we establish 
a one-to-one correspondence between silting subcategories and t-structures satisfying certain conditions 
(Theorem OP]) . 

We notice that a different generalization of 'tilting mutation' was given in jlOl IHXj . Also some aspects 
of mutation were recently discussed in |BRT[ IL"1 IKYj . 

Parts of results in this paper were presented in Trondhcim (March 2009), Nagoya (June 2009), Mat- 
sumoto (October 2009), Shizuoka (November 2009) and Tokyo (August 2010). 

Notations Let T be an additive category. For morphisms / : X — > Y and g : Y — > Z in a category, 
we denote by gf : X — > Z the composition. We say that a morphism / : X — > Y is right minimal if any 
morphism g : X — > X satisfying fg = f is an isomorphism. Dually we define a left minimal morphism. 

For a collection X of objects in T, we denote by add* (respectively, Add X) the smallest full subcategory 
of T which is closed under finite (respectively, arbitrary) coproducts, summands and isomorphisms and 
contains X . We denote by smd* the smallest full subcategory of T which is closed under summands and 
contains X . When we say that X is a subcategory of T, wc always assume that X is full and satisfies 
X = add*. 

Let X be a subcategory of T. We say that a morphism / : X — ¥ Y is a right X -approximation of Y 
if X € X and Hom7-(A, /) is surjective for any X G X. We say that X is contravariantly finite if any 
object in T has a right ^-approximation. Dually, we define a left X -approximation and a covariantly 
finite subcategory. We say that X is functorially finite if it is contravariantly and covariantly finite. 

When T is a triangulated category, we denote by thick* the smallest thick subcategory of T containing 
X. For collections X and y of objects in T, we denote by X *y the collection of objects Z <G T appearing 
in a triangle X -» Z -» Y -)■ X[l] with X 6 X and Y 6 y. We set 

X 1 - = X ±T := {T e T | Hom r (*,T) = 0}, 
± X = ±T X := {T e T | Hom r (T, X) = 0} 

For an additive category A, we denote by K b (.4) the homotopy category of bounded complexes over 
A. For an abclian category ^4, we denote by D b („4) the bounded derived category of A. 

For a ring A, we denote by Mod-A (respectively, mod- ^4) the category of all (respectively, finitely 
generated) right ^4-modules, by proj-^4 the category of finitely generated projective ^4-modules. Wc 
denote by J a the Jacobson radical of A. When A is a finite dimensional algebra over a field k, we denote 
by D := Hom fe (— , k) : mod-A <H- mod-A op the fc-duality. 

Definition 1.4. Let T be a triangulated category and (X,y) a pair of subcategories of T. 

• We say that (X, y) is a torsion pair if YioTaq-{X : y) = and X * y = T. 

• We say that (X, y) is a t-structure |BBDj if (^[1],^) is a torsion pair and X[l] C X. In this 
case X D y is called the heart. 

• We say that {X,y) is a co -t-structure |Plj if (X[— l],y) is a torsion pair and X C X[l]. In this 
case X n y is called the coheart. 

• We say that a torsion pair (X, y) is a stable t-structure [M] if X = X[l}. 

Acknowledgements The second author would like to thank Jiaqun Wei for stimulating discussion. 
The authors would like to thank David Pauksztcllo, Apostolos Beligiannis and Sonia Trcpodc for useful 
information. 
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2. Silting subcategories 

Let T be a triangulated category. We do not assume anything else on T unless otherwise stated. 
Throughout this paper we write the vanishing condition Hom-f{X, Y[i]) = for any i G Z by 

Bom T {X,Y[Z}) = 

simply Similarly we often use 

Hom r (X, Y[> 0]) = 0, Rom T (X, Y[< 0]) = 0, Hom r (X, Y\± 0]) = and so on. 

2.1. Definition and basic properties. In this subsection we introduce silting subcategories/objects of 
triangulated categories and study their basic properties. 

Definition 2.1. Let M. be a subcategory of a triangulated category T. 

(a) We say that M is silting if Homr(7W, -M[> 0]) = and T = thickAL We denote by siltT the 
collection of silting subcategories in T ■ 

(b) We say that M is tilting if Hom r (A4, 0]) = and T = thickAL 

(c) We say that an object M G T is silting (respectively, tilting) if so is addAI. 

The following examples give typical classes of tilting/silting objects. 

Example 2.2. (a) Let A be a ring. Then A regarded as a stalk complex is a tilting object in 
K b (proj-j4). More generally, any tilting complex of A is a tilting object in K b (proj-A). 
(b) Let A be a differential graded ring and let D(A) be the derived category of A. If H % {A) = for 
any i > 0, then the thick subcategory thick(A) of D(A) generated by A has a silting object A. 

The above example (a) is standard among triangulated categories with tilting objects in the following 
sense: 

Proposition 2.3. K| Let T~ be an algebraic triangulated category. If T has a tilting object M, then T 
is triangle equivalent to K b (proj-End-7-(M)). 

On the other hand, we have the following necessary conditions for existence of silting/tilting subcate- 
gories. 

Proposition 2.4. LetT be a triangulated category. If T contains a silting (respectively, tilting) subcat- 
egory, then for any X,Y G T we have Hom.7-(X, Y [i]) = for i ^> ( respectively, \i\ ^> 0). 

Proof. We only show the statement for silting subcategories. Let U := {X € T \ Hom-7-(X, M[^> 0]) = 
for any M e M}. Then U is a thick subcategory of T containing Ai. Thus we have U = T since 
thickTW = r. For any X G T, let V x ■= {Y G T | Rom r {X, F[> 0]) = 0}. Then we have M C V x by 
the above argument. Since Vx is a thick subcategory of T containing Ai, we have Vx = 7~ again. Thus 
the assertion holds. □ 

Immediately we have the following observation. 

Example 2.5. Let A be a finite dimensional algebra over a field k. 

(a) D b (mod-j4) contains silting subcategories if and only if gl.dimyl < oo. 

(b) Assume that A is self-injective. Then the stable module category mod - A of mod-A contains 
silting subcategories if and only if A is semisimple. 

Proof. We only have to show 'only if part. Both for the cases (a) and (b), we have Ext^( Aj Ja, A/ J a) ^ 
for any i > 0. Thus the assertions follow from Proposition ^. 41 □ 

It is often the case that triangulated categories have many silting subcategories which are not tilting. 
But there are important triangulated categories such that all silting subcategories are tilting. 

Definition 2.6. Let £ be an integer. We call a fc-linear Horn-finite triangulated category T l-Calabi-Yau 
if there is a bifunctorial isomorphism Hom-7-(— , ?) ~ Z?Hom-7-(?, —[£])■ 

One can easily check the following statements. 
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Lemma 2.7. Let t be an integer and T an i-Calabi-Yau triangulated category. If T =/= 0, then the 
following assertions hold: 

(1) If £ = 0, then any silting subcategory of T is tilting; 

(2) If £ > 0, then there exist no silting subcategories ofT; 

(3) If £ < 0, then there exist no tilting subcategories ofT. 

Proof. Since any non-zero object X G T satisfies Hom-7-(X, X[£]) ~ DHom-y-(X, X) ^ 0, the assertions 
(2) and (3) follow. We can prove (1) similarly. □ 

Immediately we have the following observation. 

Example 2.8. Let A be a finite dimensional symmetric algebra over a field. Then any silting object in 
K b (proj-^) is tilting. 

Proof. We know that K b (proj-A) is a O-Calabi-Yau triangulated category by Auslander-Rcitcn duality 
[H] . Thus the assertion follows from Lemma 12.71 □ 

Notice that we do not know whether there exist £-Calabi-Yau triangulated categories containing a 
silting subcategory and £ < 0. 

We end this subsection with the following remark, where we say that a category is skeletally small if 
isomorphism classes of objects form a set. 

Remark 2.9. If a triangulated category T has a skeletally small silting subcategory, then T is also 
skeletally small (e.g. Proposition 12. 17[) . 

2.2. Partial order on silting subcategories. The aim of this subsection is to introduce a partial 
order on silting subcategories as a generalization of the partial order on tilting modules introduced by 
Riedtmann-Schofield |RSj and Happel-Unger |HUj . Our main result in this subsection is Theorem 12.111 
below. 

Definition 2.10. For M,N G siltT, we write M > N if Hom r (7W,7V[> 0]) = 0. 

Theorem 2.11. > gives a partial order on silt T. 

The following subcategory plays an important role in the proof of Theorem 12.111 

Definition 2.12. For any M G siltT, we define a subcategory of T by 

7~A4° -={Xer\ Hom r (M,X[> 0]) = 0}. 

We put Tg = T< 1+1 := T^[-£] for £ G Z. 

Clearly we have M C T^° and T^° C T^° . For any non-zero object X G T, we have X[> 0] G 
and X[< 0] i 7^° by Proposition ifl 
Crucial results are the following. 

Proposition 2.13. For any M G siltT, we have Tj^° n ^(T^ ) = M. 

Proposition 2.14. Let M,N G siltT. Then M > Af if and only ifTj^ D T^°. 

Before proving these Propositions, we prove Theorem 12 . 1 II by using them. 

(i) We shall show that M > Af and Af > £ imply M > £. By Proposition |2~T1 we have Tj^° D 
7^7° D T~c°- Thus D T^°' anc ^ we nave A4 > £ again by Proposition ^. 141 

(ii) We shall show that M > Af and Af > M imply M = Af. By Proposition l2~T4l we have = T^°. 
Thus we have - L (T^°) = ± (T J ff°). By Proposition [2331 we have M=Af. □ 

To prove Propositions 1 2 . 1 31 and l2~14l we need the following result. 
Lemma 2.15. (a) For any subcategory A4 ofT , we have 

thickA^ = (J smd(A4[m] * •■ • * M[ne\). 

e>o. Hi,- ,n f ez 
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(b) Moreover if Hom-y(Ai, A4[> 0]) = 0, then we have 

thickM = |J smd{M[-£] * M[l - £} * ■ ■ • * M[i - 1] * M[t}). 

Proof, (a) Clearly the right hand side is contained in thickAL Since the right hand side clearly forms a 
thick subcategory of T, it contains thickAL 
(b) If n > to, then any triangle 

M[n] -> X -> M'[m] -4 M[n + 1] 

with M,M' G M satisfies / = 0. This implies X ~ M[n] ® M'[m], so we have M[n] * M[m] C 
Af [m] * Ai [n] . Thus we have reduced to the assertion from (a) . □ 

The following observation is clear since we only consider subcategories Af satisfying Ai = addAf by 
our notations. 

Lemma 2.16. Let Ai and Af be subcategories of T and X 6 smd(.M *Af). 

(a) IfRom T {M, X) = 0, then X G Af. 

(b) IfKom T {X,N) = 0, then X e M. 

Now we have the following description of T^j°. 
Proposition 2.17. For any Ai G siltT, we have 

T = \Jsmd(M[-£\*M[l-£]*---*M[£-l)*M[£]), 

e>o 

T m = \Jsmd(M*M[l}*---*M[£}). 

Proof. The first equation is clear from Lemma l2.15f b). 

Fix any X G T^j . We can take the smallest integer n such that 

X G smd(Al[n] * M[n + 1] • • ■ * M[l]) 

for some £ > n. By Lemma \2. 161 the minimality of n implies Honi7-(Af[n], X) ^ 0. Since X G T^°, we 
have n > 0. Thus we have X G smd(A! *M[1]* ■■■ * M[£]). □ 

Now we have the following important property of silting subcategories. 

Theorem 2.18. If MM G siltT satisfy M C Af, then M = Af . 

Proof. Fix X G N ' . Since Af is silting, we have X G T^°. By Proposition 12. 171 we have 

X G smd(A( * M[l] * ■ ■ ■ * M[£}) 
for some £ > 0. Since Hom r (X, Al[l] * • • • * M[l]) = 0, wc have X G Af by Lemma |2~T61 □ 
Now we give a proof of Proposition ^. 131 

Put Af := 7^° n ^(T^ ). Wc have M G 7^°. Since wc have Hom r (Af,T^°) = 0, wc have 
A4 G ^(T^ ). Thus we have M C Af. 
On the other hand, we have 

Hom r (A/,A/[> 0]) C Hom r ( ± (r^°), 7^°[> 0]) = 0. 
Consequently, Af is also a silting subcategory of T. By Theorem l2.181 we have Ad = Af. □ 
Now we give a proof of Proposition ^. 141 

First we assume D T^°. Then we have Af C T^°, which implies Hom r (Af, Af[> 0]) = 0. 
Conversely we assume M>Af. Then we have Af[> 0] C T^°. By Proposition l2~T7l wc have 

7^°= |Jsmd(A/*A/[l]*---*A/[^)Gr^ . 
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Thus we have completed the proof. □ 

Now we give the following property of the partial order. 
Proposition 2.19. IfM,Af,£ G siltT satisfy M> C> N , then M nW C C. 

Proof. By Proposition l2~14l we have 7^° D T £ -° D and ^(T^ ) C ± (T£°) C - L (7^°). By Proposi- 
tion we have 

X n M c ^(r^ ) nr/c ± (T^ Q ) n T £ -° = £. 

□ 

We end this subsection by the following observation. 

Proposition 2.20. IfT has a silting object, then any silting subcategory contains an additive generator. 

Proof. Let M be a silting object and N be a silting subcategory. By Lemma l2.15l there exists N\ , . . . , Ni £ 
N and m, • • • ,Ui e Z such that M € smd(iVi[ni] * • • • * N t [n e }). Let J\f' := add(7Vi © • • • © N £ ). Since 
M G thick/V', we have T = thick/V'. Thus A/"' is a silting subcategory of T ■ By Theorem 12. 181 we have 
TV = A/"'. Thus TV has an additive generator. □ 

2.3. Krull-Schmidt triangulated categories. Let T be a triangulated category In this subsection we 
always assume that T is Krull-Schmidt in the sense that any object in T is isomorphic to a finite coproduct 
of objects whose endomorphism rings are local. In this case such a coproduct is uniquely determined up 
to isomorphism. We denote by Jj- the Jacobson radical of T ARSl ESS] . For a subcategory M. of T, 
we denote by indA4 the set of isoclasses of indecomposable objects in A4. 

We say that an object M e T is &aszc if Af is isomorphic to a coproduct of indecomposable objects 
which are mutually non-isomorphic. Since T is Krull-Schmidt, we have a one-to-one correspondence 
between the isomorphism classes of basic objects M and subcategories M. of T containing additive 
generators. It is given by M h-» M. = addil/. 

Proposition 2.21. Assume that T has a silting object. Then we can regard silt T as the set of isomor- 
phism classes of basic silting objects in T ■ 

Proof, silt T is a set by Remark 12.91 By Proposition 12.201 any silting subcategory of T is an additive 
closure of a silting object. Thus we have the assertion. □ 

Thanks to Krull-Schmidt assumption, we have the following useful property (e.g. [IY1 2.1, 2.3]), where 
(b) and (c) is famous as a 'Wakamatsu's Lemma'. 

Lemma 2.22. Let M be a subcategory ofT. Then the following statements hold. 

(a) If a subcategory M of T satisfies Hova-f{M., AT) = 0, then M. * M is closed under summands. 

(b) If M is contravariantly finite and M * A4 cM, then (A4, M.^) is a torsion pair. 

(c) If M is covariantly finite and M * A4 C M., then {^M, A4) is a torsion pair. 

Now we have the following equalities. 
Proposition 2.23. (a) For any M. £ silt T, we have 

T = \jM[-£\*M[l-£\*---*M[£-l]*M[£\, 

Tm = \JM*M[1]*---*M[£\, 

L{ Jm) = \jM[-l]*M[-t+l]*---*M[-l\. 

e>o 

O 3 ) ( ± (Xm°)'Xm°^ * s a t° rs i° n pair, and so ( x (7^j°), T^°) is a co-t- structure with the coheart M.. 
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Proof. The first two equalities follow from Proposition 12 . 1 71 and Lemma \2.2'2{ &). By the second equality 
we have 

x (Tj^°) D \jM[-£\*M[-£+l]*---*M[-l]. 

e>o 

Together with the first equality we have 

((J M[-i] *M[-1]) * = ((J M[-£\ *■■■ *M[-1]) * ([J M * ■ ■■Mil]) = T. 

t>o e>o e>o 

Thus (Uf>o M[— £} * ■ ■ ■ * M[— 1], T^°) is a torsion pair, and hence we have 

± (7m)c \jM[-£[*M[-l + l]* — *M[-l]. 

Thus we get the third equality, and (^(Trj ),7xf ) is a torsion pair. The coheart of the co-t-structure 
(^(7^°), 7a?) is M b y Proposition □ 

Proposition 2.24. Let M G siltT. For any N = Nq G Xm° , we have triangles 

Ni — M f ° > N Q iVr [1] , 

N e — ^ J^*. N e ^ ^ N e [l], 

ge+1 - Me — f -^ Ni ^ 0, 

for some £ > such that fi is a minimal right M- approximation and gi+i belongs to Jj- for any < i < £. 
Proof. Since Nq G 7^j°, we have 

N G M*M[1] *---*M[l] 
for some £ > by Proposition 12.231 We can assume £ > 0. Then we have a triangle 

N[ -> Mq ^ No -> N[[l] 

with Mq G M and N[ G M * M[l] * • ■ ■ * M[£ - 1]. Since N[ G T^°, we have that f Q is a right 
.M-approximation. Thus we can write /q = (/o 0) : Mq = Mq © Mq —> Nq with a minimal right 
.M-approximation fo. Then we have a triangle 

iVi ^ Mo A N ->• JVi[l] 

such that belongs to J7- and TVi is a summand of AT{. By Lemma T2.221 we have Ni e M*M[l]* - ■ ■ * 
A4[£ — 1]. Repeating similar construction, we obtain the desired triangles. □ 

The following observation is often useful. 

Lemma 2.25. Let M. G siltT and Nq,Nq G Tj^° ■ For Nq, we take £ > and triangles in Proposition 
\2.24\ Also for Nq, we take triangles 

N > -JL^ M q — ^ N'q » N{[1], 

N'v — K-i — — - ^[1], 

o^±VMi,— f ^K, -0, 

satisfying the same properties. // Hom-7-(iVo, -/Vq[^]) — holds, then we have (addMf) n (addMp) = 0. 
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Proof. For £ = 0, the assertion follows from right minimality of /q. So we assume i > 0. We only have to 
show that any morphism a : Mg —> Mq belongs to Jj-. Applying Hom7-(— , Nq) to triangles in Proposition 
12.241 we have 

Bam T {N t -i[-l],N^ ~ Hom r (A^_ 2 [-2], N(>) ~ ••• ~ Hom r (A [-4 A^) = 0. 
Thus we have the following commutative diagram of triangles. 

Nt-i[-l] Mi —2^ M^_i JV/_i 



A{ ^— »- Mq — ^ > A{ 

Since /q is a right A'f-approximation, there exists b' : Mg-i — > Mq such that b = f^b' . Since fl)(a — b'ge) = 
0, there exists a' : Mi — > N[ such that a = b' gi + g[a'. Since both gi and g[ belong to J7-, we have 
a€ Jf. Thus the proof is completed. □ 

As an application, we have the following result. 

Theorem 2.26. IfT has an indecomposable silting object M, then we have silt 7" = {A/[i] | i £ Z}. 

Proof. Let N be a basic silting object in T. Take the smallest integer k £ Z such that Hom7-(M, A[/c]) ^ 
0. Replacing N by AT [A;] , we can assume N £ Tjg° and Hom-7-(M, N) ^ 0. We have triangles in Proposition 
12.241 Then we have Mq ^ since Hom-7-(M, N) ^ 0, and moreover we can assume Me 7^ 0. 

Assume £ > 0. Then we have Hom r (A, N[£}) = and so addM^ n addM = by Lemma [2~231 Since 
both Mq and Mg are non-zero objects in addM where M is indecomposable, this is a contradiction. Thus 
we have £ = and N ~ M £ addM. Since N is basic, we have N ~ M. □ 

Next we shall show the following description of Grothcndicck groups of triangulated categories with 
silting subcategories. 

Theorem 2.27. Let T be a Krull- Schmidt triangulated category with a silting subcategory Ai. Then the 
Grothendieck group Kq(J~) of ' T is a free abelian group with a basis \r\dA4. 

For an object X £ 7~, we denote by S(X) the number of non-isomorphic indecomposable summands 
of A. As an immediate consequence of Theorem 12.271 we have the following result. 

Corollary 2.28. For any silting objects M,N £ T, we have S(M) = S(N). 

Let us start with proving Theorem 12.271 

Since thickA4 = T, we have that indA'! generate Kq(T). It is enough to show that they are linearly 
independent. To prove this, we shall define a map 

7 : obT->Z indA1 . 

• The map 7 naturally identifies obA4 with Z'"^ M . 

• For any N £ 7^°, we take triangles in Proposition 12.241 and put 



/o 



r (N) := ]T(-1)*7(M 4 ). 



• For general N £ 7", take a sufficiently large k such that N[k] £ and put 

7(A) := (-l) fc 7(A[fc]). 
In other words, for any £ > and Mi £ Ai, we put 

i 

7 (M_iH] * Mi-t[-£\ Mt-i[l - 1] * Mi[£]) := ]T (-l)S(Mi). 

i=-l 

The crucial step is to prove the following observation. 
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Lemma 2.29. Let X -> Y -)• Z -> X[l] be a triangle in T. Then we have y(X) - 7 (Y) + 7 (Z) = 0. 

Proof. Without loss of generality, we can assume X, Y,Z G 7^°. To use induction, we consider the 
following assertions for £ > 0. 

(i) e The statement is true if X, Y, Z G M * M[l] * ■ ■ ■ * M[£]. 

(ii) e The statement is true if X, Y G M * M[l] * ■ • • * M [£] and Z G M * M[l] * ■ ■ ■ * M[£ + 1]. 

(iii) ^ The statement is true if X G M * * ■ • • * M[£] and Y, Z G X * M[l] * • ■ ■ * M \l + 1]. 

The statement (i)o is true since any triangle X — > Y — > Z — > X[l] with X, 7, Z e M splits, so we have 
Y ~ X JJ Z and 7 (X) - 7 (Y) + 7 (Z) = 0. 
We shall show =>(ii)^ for any £ > 0. 

Let X -> Y -> Z X[l] be a triangle with X, Y € M*M[1}*- ■ -*M[£] and Z G M*M[l}*- ■ -*M[£+1]. 
Take a triangle Z x ->■ M -)■ Z -> Zi[l] such that M G X, Z x G M * M[l] * ■ ■ ■ M[£] and 

7(Z)= 7 (Mo)-7(^i). (1) 
By octahedral axiom, we have the following commutative diagram of triangles: 

Z^^Z^l] 

t t 

X > Y ^ Z X[l] 

I t t I 

X ^ W > M Q ^ X[l] 

| f 

Zi z x 

Since Hom7-(Mo, = 0, the lower horizontal triangle splits and we have W ~ X © Mo. In particular, 

we have 

7 (W0=7P0+7(M ). (2) 
Since the left vertical triangle Z x -> W -> Y -t Zi[l] satisfies Z X ,W,Y G .M * M[l] * ■ ■ ■ * M[£], our 
assumption (i)^ implies 

7(Z 1 )- 7 (W)+7(Y) = 0. (3) 

Using {TJl, © and ©, we have 

j(X) - 7 (Y) + 7 (Z) - ( 7 (Z) - 7 (M ) + 7(2i)) + ( 7 (X) - 7 (IY) + 7 (M )) - ( 7 (Z X ) - 7 (W) + 7 (Y)) = 0. 
Thus (ii) e holds. 

By a quite similar argument, one can show (ii)e =>(iii)e =^(i)^+i for any I > 0. Thus the assertion 
follows inductively. □ 

Now we are ready to prove Theorem 12.271 

By Lemma T2.291 we have a homomorphism 7 : Kq(T) — > Z mdjV( . Since 7 (ind.M) is a basis of Z n , the 
set indjM must be linearly independent in Kq(T). Thus it forms a basis of Kq(T). □ 

2.4. Silting mutation. The aim of this subsection is to introduce silting mutation and give its basic 
properties. Let T be a triangulated category. We do not assume anything else on T unless otherwise 
stated. 

Definition 2.30. Let M G siltT. For a covariantly finite subcategory T> of M, we define a subcategory 
H + (Ai; V) of T as follows: For any M G M we take a left P-approximation f : M D and a triangle 

M A fl 4 iV M -> M[l]. (4) 

We put 

H + (M;V) := add(D U {JV M | M G M}). 

It is easily checked that /^ + (A / (; 2?) does not depend on a choice of left approximation /. We call n + (A4; T>) 
a left mutation of A4 . Dually, we define a right mutation /j," (M.; T>) for a contravariantly finite subcategory 
T> of M.. (Silting) mutation is a left or right mutation. 
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Theorem 2.31. Any mutation of a silting subcategory is again a silting subcategory. 

Proof. The triangle (@J shows thick/i + (X; V) D thickM = T. 
We only have to show Rom T (p,+ (M:V), fi+ (M;V)[> 0]) = 0. 
Applying Hom-7-(P, — [> 0]) to flU), we have an exact sequence 

= Hom r (£>,£>[> 0]) Hom r (£>, N M [> 0]) -> Hom r (D,M[> 1]) = 

and so Hom-r(V, Nm[> 0]) = 0. Applying Honi7-(— ,V[> 0]) to (|4|), we have an exact sequence 

Hom r (D[l],£>[> 0]) ^% Hom r (M[l],D[> 0]) Hom r (A M ,^[> 0]) —¥ Rom r (D,V[> 0]) = 0. 

Since the above (-/[l]) is surjective, we have Koui-j-^Nm ,T^[> 0]) = 0. Applying Honi7-(— , M[> 1]) to 
(j?]), we have an exact sequence 

= Bom T (M[l},M{> 1]) — » Hom r (A M , M[> 1]) -> Hom r (L», M[> 1]) = 

and so Hom-j-(NM , M[> 1]) = 0. Applying Honi7-(AM, — [> 0]) to we have an exact sequence 

= Rom r (N M ,D[> 0]) Hom r (JV A /, A A/ [> 0]) Rom T (N M ,M[> 1]) = 

and so we have Honi7-(A^A/, A^[> 0]) =0. 

Consequently we have Rom T (p+ (M]V), fi+(M;V)[> 0]) = 0. □ 

In general silting mutation of a tilting subcategory is not necessarily a tilting subcategory. For this, 
we have the following criterion. 

Theorem 2.32. Let Ai be a tilting subcategory of T ■ 

(a) For a covariantly finite subcategory T> of Ai, the following conditions are equivalent. 

(i) fi + (M;T>) is tilting. 

(ii) Any M £ Ai has a left T>- approximation f such that Honi7-(2?, /) is injective. 

(b) For a contravariantly finite subcategory T> of Ai, the following conditions are equivalent. 

(i) fi~(A4;T>) is tilting. 

(ii) Any M £ Ai has a right T>- approximation g such that Hom7-(g, T>) is injective. 
In these cases mutation is called tilting mutation. 

Proof. We only prove the statement (a). The proof is parallel to that of Theorem 12.311 
Applying Hom-7-(£>, — 0]) to (g]), we have an exact sequence 

= Hom r (£>, 0]) -> Hom r (2?, N M [^ 0]) Hom r (£>, M\± 1]) A Hom r (£>, 1]). 

Thus Hom r (X>, N M & 0]) = holds if and only if (ii) holds. 
Applying Honi7-(— ,T>[^ 0]) to (g]), we have an exact sequence 

Rom T {D[l],V[^ 0]) ^% Hom r (M[l],2>[^ 0]) Rom r (N M ,V[^ 0]) -> Rom T (D,V[^ 0]) = 0. 

Since the above (-/[l]) is surjective, we have Hom-7-(A?M, £>[^ 0]) = 0. 
Applying Honi7-(M, —[7^ —1,0]) to (U), we have an exact sequence 

= Hom r (A/,D[^ -1,0]) Hom r (M, iV M -1,0]) ->• Hom r (M,M[^ 0,1]) = 

and so Hom-7-(M, Nm[^ —1, 0]) = 0. Applying Hom.7-(— , iVjv/ M= 0, 1]) to (HJ), we have an exact sequence 

= Rom T (M,N M y= -1,0]) -> Hom r (A A/ , A M [^ 0,1]) Hom r (D, AT M [^ 0,1]) = 

and so Rom r (N M , N M [^ 0, 1]) = 0. Thus we have Hom r (A M , N M & 0]) = by Theorem I23T1 

Consequently we have Rom-j-(^ + (M;V), fi + (M;V)[^ 0]) = if and only if (ii) holds. □ 

The following properties can be checked easily. 

Proposition 2.33. Let M £ silt T. 

(a) For a covariantly finite subcategory T> of Ai, we have /i~ (Ai; T>);T>) = Ai and Ai > fi + (Ai; T>), 
where the equality holds if and only if T> = A4. 
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(b) For a contravariantly finite subcategory T> of M., we have /i + (/-t (.M ;£>);£>) = M and [i (A4;T>) > 
A4 , where the equality holds if and only if T> = M.. 

Proof, (a) Applying HoiTi7-(2?, — ) to (QJ, we have an exact sequence 

Hom r (D, D) 4 Hom r (2?, N M ) Hom r (P, M[l]) = 0. 

Thus g is a right ©-approximation. Thus we have /i~ (fi + (Ai; T>); V) = A4. 
Applying Hom-j-iM, — [> 0]) to Q, we have an exact sequence 

= Rom T (M,D[> 0]) -> Rom r {M,N M [> 0]) -> Hom r (A-i, M[> 1]) = 

and so Rom T {M,N M [> 0]) = 0. Thus Ram r (M, fJ, + (M;T>)[> 0]) = holds and we have M > 

If T> ^ Ai, then take M G M\T>. Since / is not a split monomorphism, we have Hom-7-(AM, -^[1]) 7^ 0. 
Thus N M £ M holds, so we have M ^ fi + (M;V). □ 

In the rest of this subsection, we assume that T is a Krull-Schmidt triangulated category. The following 
notation will be often used. 

Definition 2.34. Let Ai G siltT and X a subcategory of Ai. Dchnc a subcategory Aix of Ai by 
\r\6Mx = indA4\indA\ We put 

H%(M) :=^{M;M X ) 

We say that mutation is irreducible if #indA" = 1. If X = addA, we denote Aix and ^ by Aix and /ii 
respectively. 

Now wc assume the following condition: 

(F) T is Krull-Schmidt, and for any Ai G siltT and A G indAl, the subcategory Aix is functorially 
finite in Ai. 

This is satisfied if T is fc-linear Horn- finite and has a silting object (Proposition 12.201) . 
Under this condition, wc shall show the following result. 

Theorem 2.35. Let T be a triangulated category satisfying the condition (F). For any Ai,Af G siltT, 
the following conditions are equivalent. 

(a) Af is an irreducible left mutation of Ai. 

(b) Ai is an irreducible right mutation of Af . 

(c) Ai > Af and there is no £ G silt T satisfying Ai > £ > Af. 

The following property is crucial in our consideration. 

Proposition 2.36. If Ai,Af G siltT satisfy Ai > Af, then there exists an irreducible left mutation £ of 
Ai such that M> £>Af. 

Proof. We take Nq G Af which does not belong to Ai, then consider £ > and triangles in Proposition 
12.241 Then wc have £ > 0. Take an indecomposable summand A of Mg, and let £ := fi x (Ai) be an 
irreducible left mutation. Then we have £ = add(A4x U {5^}), where Y is given by the triangle 

x -4 d 4 r a[i] 

with a left A^x-approximation / of A. 

We only have to prove £ > Af. We need to show Hom7-(y, Af[> 0]) = 0. Since we have an exact 
sequence 

= Hom r (A,A/'[> 0]) H- Hom r (Y, Af[> 1}) -> Hom r ( J D, A/> 1]) = 0, 

we have Hom-j-(Y,N[> 1]) = 0. Thus it remains to show Hom-y-(Y,Af[l]) = 0. Since we have an exact 
sequence 

Hom r (L>,A0 Hom r (A,A0 —¥ Hom r (Y, Af[l}) -> Hom r (L», Af[l}) = 0, 
we only have to show that Honi7-(D, Af) — > Homj- (X,J\f) is surjective. 
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Fix any Nq £ Af and a : X — > Nq. We consider the diagram 

Y[-l] X f —+ D 9 —+ Y 

, \ a 

N[ 90 > Mq f ° * N' »■ N{ [1] . 

where the lower triangle is given in Lemma 12.251 Since /g is a right A(-approximation, there exists 
b: X -> Mq such that a = f^b. Since (addM £ ) n (addA/^) = holds by Lemma l2~2lil we have X £ addMp 
and so Mq £ AAx- Since / is a left A'fx-approximation, there exists c : D — > Mq such that = c/. Thus 
we have a = (/qc)/, and we have the assertion. □ 

Now we are ready to prove Theorem 12.351 

(i) We shall show that (a) and (b) are equivalent. 

We only have to show that (a) implies (b). Assume that Af is an irreducible left mutation ^(A4) of 
AA with respect to X £ indAL Take a triangle 

x{i] 

with a minimal left Alx-approximation /. By Proposition 12.331 we have M = ^y(TV). Since g is a 
right A^x-approximation, it is easy to check that Y is indecomposable. Thus AA is an irreducible right 
mutation of Af. 

(ii) We shall show that (a) and (c) are equivalent. 

Assume that (c) is satisfied. Since A4 > A/", there exists an irreducible left mutation C of M. such that 
A4 > C > N by Proposition 12.361 By the condition (c) , we have L = Af, and we have the assertion. 

Assume that (a) is satisfied. Thus J\f = /i^(A^) for indecomposable X. Assume that there exists 
£ such that M > C > Af. Again by Proposition 12.361 there exists a left mutation K. of A4 such that 
M > K > C. By Proposition wc have Mx = M DAf C /C. Since both of Af and /C are left mutation 
of A4 with respect to A, we have Af = K,, a contradiction. Thus (c) holds. □ 

2.5. Silting reduction. In this subsection, we give a reduction theorem of silting subcategories, which 
is an analogue of 2-Calabi-Yau reduction in cluster tilting theory |IY1 4.9]. The following result gives 
a bijection between silting subcategories of T containing a functorially finite thick subcategory S and 
silting subcategories of the quotient triangulated category T/S. 

Theorem 2.37. Let T be a Krull- Schmidt triangulated category, S a thick subcategory of T and U := 
T/S. Let F : 1~ — > U be the canonical functor. 

(a) If S is a contravariantly finite subcategory ofl~, then for any T> £ silt S we have an infective map 

{M E siltT | V c Af} -> silt ZY, M i-> FM. 

(b) If S is a functorially finite subcategory ofT, then the map in (a) is bijective. 

The first step of the proof is to consider the subcategory 5 ±r of T. Since S is contravariantly finite, 
we have a stable t-structure (S,S ±T ) of T by Lemma \2. 221 Moreover, we can naturally identify 11 with 
the subcategory S ±T of T jM] • 

Next wc shall show the following observation. 

Lemma 2.38. Let A4 be as in Theorem \2.3% a) . For any M £ AA, take a triangle 

S 4 M A FM -> S[l] (5) 
with S £ S and FM £ U. Then S £ holds, where 

5|°) = (|J V[-l\ * ... * 2?[-l], |J V * ■ • ■ * 2>fl) 

is i/ie torsion pair in S = thickP given in Provosition \2. 23\ 
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Proof. Take a triangle 

5>°4 54^°^S >0 [1] 

with S >0 £ ±S (S~°) and 6 <S|°. Since Rom T ( ±s (S^°), M) = 0, wc have ac = 0. Thus there exists 
a morphism e : S-° — > M such that a = ed. Since be = by Homp(iS,£</) = 0, there exists / : S-° — > S 
such that e = af. 

S>° 
l c 

FM[-l] *~ S — ^ M — FA/ 

5 <o 

Since a(ls — /d) = 0, we have that I5 — fd : S — > S factors through FM[— 1]. Since Hom-7-(iS,£Y) = 
again, we have Is = fd. Thus d is a split monomorphism, and we have S £ 5^ . □ 

Now we are ready to prove Theorem 12.371 

(a) (i) We shall show that FA4 is a silting subcategory of U. 

We have thickFAl D FthickA^ = FT = U. Thus we only have to show Hom r (FM,FM[> 0]) = 0. 
Applying Romj-(M, — [> 0]) to ([5]), we have an exact sequence 

Me ^ ltT Hom r (M, M[> 0]) Hom r (M, FM[> 0]) -> Hom r (M, S[> 1]) a™^^ )^ 
and so Honi7-(M, FM[> 0]) = 0. Applying Homj-(— , FM[> 0]) to ([5]), we have an exact sequence 

Homr {f>") =0 Hom r (S,FM[> -1]) -> Rom T (FM, FM[> 0]) -> Hom r (M,FM[> 0]) = 

and so Rom r (FM,FM[> 0]) = 0. 

(ii) We shall show that the correspondence AA i-> FAA is injective. By Theorem 12.111 it is enough to 
prove M > Af if FM > FN. Let M £ M and N e Af. For any / £ Hom r (M, JV[> 0]), we have a 
commutative diagram 

S M *~ M ^ FM >• S M [1] 

1 ^ / ^ ^ 

a N [>0] 6«[>0] 

Since &jv[> 0] • / = by our assumption, / factors through oat[> 0] : Sn[> 0] — > N[> 0]. This implies 
/ = since Hom r (M, S N [> 0]) C Rom T (M, S<°) = by Lemma Thus wc have M>Af. 

(b) We shall show that the correspondence H> is surjective. Fix A/" £ siltW. 

Since S is covariantly finite in T by our assumption and is covariantly finite in S by Proposition 
12.231 we have that is covariantly finite in T. Thus we have a torsion pair ( ±T (S^°),S^°) in T by 
Lemma \2. 22( c). For any N £ Af, take a triangle 

S N -> M^r -> iV ->• 5jv[1] (6) 

with M;v £ ±T (>5p ) and Sjv £ Sf5°. Notice that Mn is unique up to a summand in D since <S|j n 
- L ^(5<°) = S|° n ±s (Sv°) =Vby Proposition l2~T3l 

We shall show that M := add(£> U {M N \ N £ Af}) is a silting subcategory of T. Since X>[> 0] £ 5^°, 
we have Hom-7-(Mjv, T>[> 0]) = 0. Applying HomT-(2?, — [> 0]) to (O, we have an exact sequence 

Ho ^^°)=° Hom r (P, S N [> 0]) Hom r p, A%[> 0]) Hom r (X>, A[> 0]) Hom ^")=° 

and so Hom r (£>, M N [> 0]) = 0. 

Applying Hom7-(— , iV[> 0]) to ([5]), we have an exact sequence 

Ve ^ tw Hom r (AT, A[> 0]) -> Hom r (A/jv, JV[> 0]) -)• Hom r (5jv, JV[> 0]) H ° mr ^ '" )= ° 
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and so Hom-r(Mjy 7 N[> 0]) = 0. Applying Honi7-(Mjv, —[> 0]) to ([5]), we have an exact sequence 

Q Hom r ( r ( 5< ),s< )=o jjq^^j^^^^ o]) Hom r (Miv,Mjv[> 0]) Rom T (M N , N [> 0]) = 

and so Hom r (Mjv, Mjv[> 0]) = 0. 

Consequently we have Kom-j-(M, M [> 0]) = 0. By we have thickA^ D A/, so we have thickAl D 
thick(£> UAT)DS*U = T. Thus Af is a silting subcategory of T. □ 

The functor F : A4 — > FA4 has the following properties. 

Proposition 2.39. In Theorem \2. 37( a) , the functor F : M — > FM induces an equivalence 

M/[D] -> FA4, 

where [D] is the ideal of Al consisting of morphisms which factor through objects in T>. In particular, F 
induces a bijection between indA^\ind2? and indFAL 

Proof. Since FT) = 0, we have the induced functor F : M/[T>] — > FM.. We only have to show that this 
is fully faithful. Let M, Af £ M. For each / : M -> M', the morphism F/ : FM -> FM' is given by 
the following commutative diagram. 

S >■ M FM *~ S[l] 

S' *- M' >■ FM' *- S'[l] 

(i) Wc shall show that F:M/[V]-> FM is faithful. 

If Ff = 0, then / factors through S'. By Lemma [2351 we know S' £ S|° = U^> £>*•••* £>[4 Since 
Hom-7-(M, 2?[1] * ■ • • * T)[£}) = 0, we have that / factors through T>. Thus / is zero in M/\V]. 

(ii) We shall show that F : M/[V] — > FA( is full. 

Fix g £ Hom r (FM, FM'). Since Hom r (M, S"[l]) = again by Lemma there exists / : M ->■ M' 
which makes the following diagram commutative. 

5 >- M *- FM 

| {/ |f | 
S' *- M' > FM' *- S'[l] 

Then / = Fg holds. □ 
Later we use the following compatibility of silting mutation and silting reduction. 

Lemma 2.40. In Theorem \ 2. 37^ a ), we have F/ j l~^,(M) = fi~^ x (FM) for any covariantly finite subcategory 
X of M satisfying V R X = 0. 

Proof. By Proposition 12.391 we have (FM)fx = F{Mx)- For any X £ X, take a triangle 

X -4 D Y -> X[l] 

where / is a left A4 ^-approximation. We have to prove that Ff is a left F(A4 ^-approximation. It is 
enough to show Hom r (FY, F{M X )[1}) = 0. 
For any M £ M x , there exists a triangle 

S->M -> FM -> (7) 

with S* S 5^° by Lemma 12.381 Applying Hom7-(Y, — ), we have an exact sequence 

Thm = ESI] Hom r (r, M[l]) -¥ Hom r (Y, FM[1]) -> Hom r (Y, 5[2]) Se ="° 0, 
so we have Hom r (Y, FM[1]) = 0. Thus wc have Hom r (FY, FM[1]) ~ Hom r (Y, FM[1]) =0. □ 
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2.6. Silting quivers and examples. Let T be a Krull- Schmidt triangulated category. The aim of this 
section is to introduce the silting quiver of T. 

Definition 2.41. The silting quiver of T is defined as follows: 

• The set of vertices is silt T . 

• We draw an arrow M. — > M if M is an irreducible left mutation of A4 . 

If T satisfies the condition (F), then the silting quiver is nothing but the Hasse quiver of the partially 
ordered set silt T by Theorem 12.351 

We pose the following question. 

Question 2.42. Let A be a finite dimensional algebra A over a field and T := K b (proj-A). When is the 
silting quiver of T connected? Equivalently, when is the action of iterated irreducible mutation on silt T 
transitive? 

If A is local, then we have a positive answer by the following observation. 

Corollary 2.43. IfT has an indecomposable silting object, then the action of iterated irreducible mutation 
on silt T is transitive. 

Proof. This is immediate from Theorem 12.261 since we have /X]X(M[i]) = M[i ±1]. □ 



Next we shall generalize Corollary 12 .431 by introducing the following notion which generalizes 'almost 
complete partial tilting modules'. 

We call a subcategory T> of T almost complete silting if there exists a silting subcategory Ai of T such 
that M D V and #(indX\ind2?) = 1. 

Then we have the following analogue of jHUI 2.1] for 'tilting mutation' and |IY[ 5.3] for 'cluster tilting 
mutation'. 

Theorem 2.44. Let T be a Krull-Schmidt triangulated category andT> an almost complete silting subcat- 
egory. 7/thickP is a functorially finite subcategory ofT, then the set {A4 G silt 7" | T> C Ai} is transitive 
under iterated irreducible mutation. 

Proof. Let U :=T /thickD. By Theorem [2371 we have a bijection {M £ siltT | V C M] ->■ siltW. This 
commutes with mutation by Lemma 12.401 and its dual. By Corollary |2.431 we know that silt U is transitive 
under iterated irreducible mutation. Thus the assertion follows. □ 



We give examples of silting quivers. 
Example 2.45. Let A be a path algebra of the quiver 1 s- 2 . We have the AR-quiver of K b (proj-^4) 



as follows: 



X_ 2 



*0 



X 2 



/ 



x. 
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X_i ®x 



x ®x 1 



X X ®X; 



X 2 ffi X, 




Identifying each silting object T with T[i] for any i £ Z, we can simplify the quiver as follows, where 
M -PI-*- N means M N[l] . 



Xq ffi X\ — Xq © X4 ^.[2.] — Xq © X-j -<-[!]_ Xq © X10 ^ [!]_ 



X2 © X3 ^[2] — X2 © ^6 ^_[x] — -^2 © ^9 -^[1] — X2 ffi J^12 ^[1]— ' ' ' 



X\ © X2 ^.[1] — ffi ^[2] — Xi ffi Xs ■<-[!]— Xi ffi Xn ^ [J] • • • 



Example 2.46. Let A be a path algebra of the quiver 1 \ 2 with I > 2 arrows. The AR-quiver of 
K b (proj-^4) contains the following connected component: 



X. 



Xq „ A2 



X, 
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Then the silting quiver of A is the following (cf. Theorem 13.11) : 



X-x © X Q X_! © X [l] X_ x © X [2] X_ x © X [3 



-[!]- 



X © Xi ^-[i]— X © Xi[l] X Q © Jfi[2] -_[i]_L X © Xi[3] 



Xi © X 2 © X 2 [l] Xi © X a [2] *i © X 2 [3] ^1 



X 2 © X 3 ^=p]± ^2 © x 3 [i] X 2 © X 3 [2] ^Ipf± x 2 © x 3 [3] 



Example 2.47. Let A be an algebra presented by a quiver 1 , ' 2 with relations ab = = 6a. Then 

6 

the silting quiver of A is the following, where X := cone(Pi — > P 2 ) and Y := cone(P 2 — > Pi): 



X © P 2 Z=[I]^ X[l] © P 2 ^[1]^ X[2] © P 2 X[3] © P 2 ^qij: 




X © P[l] 5^ X © P[2] X © P[3] ^fl^ X © P[4] 



-[!]- 



Pi ©P 2 



il rffiPi^m^F[l]©Pi^m^F[2]©P 1 ^m^y[3]©P 1 ^m^ 



Y © P 2 [l] y © P 2 [2] Y © P 2 [3] Y © P 2 [4] 



-[1} 



-[!]- 
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Example 2.48. Let A be an algebra presented by a quiver 1 



2 with relations (ab) £ a = = (ba) l b 



(£ > 1). The silting quiver of A is connected by and it is the following: 



— Pi 




Pi — p 2 


p 2 — Pi 




— P 2 




Pi 

-0- 



Pl 
Pi 




Pi 
0- 



p 2 

-0- 



p 2 

-0- 



P2 
Pi 











Pi — 


^p 2 — 


^-p 2 — 


— P 2 










Pi — 


— p 2 — 


^-p 2 — 


-^0 



Pi 


— P 2 


— P 2 


Pi 


— P 2 


-— o 



Pi 

0- 



Pl © p 2 
— Pi — 



p 2 
p 2 



p 2 
p. 



Pi 
Pi 



Pi © p 2 
— p 2 — 



■p 2 
-0- 



p 2 

-0 



-[!]- 



Pi — 


Pi 


— p 2 


— 


Pi 


-p 2 



p 2 


— 


p 2 


— Pi 



[1] 









— p 2 






Pi — 


— Pi — 


*- Pi © p 2 
















— 


-— 


^-Pl — 


— p 2 
















— p 2 




Pi — 


— Pi — 


*■ Pi © p 2 














Pi — 


— Pi — 


— 5~p 2 — 


-— 





Pi 


— Pi 


— p 2 


Pi 


— 


— 



Pi 
0- 



Pl 
Pi 



Pi 
Pi 



Pi 
Pi 











Pi — 


— Pi — 


-—Pi — 


— p 2 










Pi — 


-— 


— ^0 — 


— 



2.7. Okuyama-Rickard complexes and APR and BB tilting modules. Our silting mutation has 
two important origins in representation theory: 

• Okuyama-Rickard complexes and Okuyama's method in modular representation theory; 

• APR tilting modules and BB tilting modules; 

In this section we will explain the relationship between silting mutation and these notions. 

Throughout this section, let A be a finite dimensional algebra over a field k. We may assume that A 
is basic and indecomposable as an A-A-bimodulc. For an A-module X, we denote by P{X) a projective 
cover of X. We denote by v = DHom^— , A) : mod- A — > mod- A the Nakayama functor. We denote by 
t and t^ 1 the Auslander-Reiten translations |ARS[ |A"SS] . 

Definition 2.49. For idempotent e G A, the Okuyama-Rickard complex with respect to e is defined by 



T 



P{eA(l - e)A) 



1 

eA 



(8) 



(l-e)A 

where p e gives a projective cover of the submodulc eA(l — e)A of eA. 
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In [D] , Okuyama constructed Okuyama-Rickard complexes and proved that it is tilting if A is sym- 
metric. The method of his construction is often called Okuyama 's method. 

Let us give basic properties of Okuyama-Rickard complexes in our context of silting mutation. 

Theorem 2.50. Let e G A be an idempotent and T the Okuyama-Rickard complex with respect to e. 

(a) T is isomorphic to right mutation [i~ A (A) of A with respect to eA. 

(b) T is a silting object in K b (proj-/l). 

(c) The following conditions are eguivalent. 

(i) T is a tilting object in K b (proj-A). 

(ii) Kom A (eA/eA(l - e)A, (1 - e)A) = 0. 

(d) If A is a self-injective algebra and eA ~ v(eA) holds, then T is a tilting object in K b (proj-A). 

Proof, (a) Since eA(l — e)A is minimal amongst submodules X of eA such that any composition factor 
of eA/X belongs to add(top eA), we have that p e in © is a minimal right add(l — e)A-approximation of 
eA. Thus the assertion follows. 

(b) (c) These are immediate consequences of Theorems 12.311 and 12.321 

(d) This is immediate from (c) since add(top eA)(~ladd(soc(l— e)A) = add(top eA)(~ladd(top(l— e)A) = 
holds by our assumption and any composition factor of eA/eA(l — e)A is isomorphic to top eA. □ 

The partial order < on silt K b (proj-A) have the following easy interpretation for Okuyama-Rickard 
complexes. 

Proposition 2.51. Let e, e' € A be idempotents and T,T' the Okuyama-Rickard complexes with respect 
to e,e' respectively. Then the following conditions are equivalent. 

(a) addeA D adde'A 

(b) T > T'. 

Proof. Assume addeA D adde'A Clearly we have Hom K b( pro j_ J 4- ) (T, T'[> 1]) = 0. Take any morphism 

T ^P{eA{l-e)A)®(l~e)A—^eA 

f 

T'[l] P(e'A(l - e')A) © (1 - e')A - ^ e 'A »- 

Since P(eA(l—e)A)®(l—e)A e add(l - e)A C add(l - e')A andp e ' is aright add(l - e') ^-approximation, 
/ factors through p e '. Thus we have Hom K b( pro j_ J 4)(T, T'[l]) = 0, so T > T'. 

Assume T > T'. Then we have Hom K b( pl . j_^)(T, T'[l]) = 0. In particular, for any morphism / : 
P(eA(l — e)A) © (1 — e)A — > e'A, there exist s and t such that / = p e >s + tp e . Since both p e and 
p e ' belongs to J mo d-A, any morphism in Hom J 4(P(eA(l — e)A) © (1 — e)A,e'A) belongs to J mo d-A- In 
particular (1 — e) A and el A do not have a non-zero common summand, and we have addeA D adde'A. □ 

We end this section by observing a connection between BB and APR tilting modules and silting 
mutation. 

Definition 2.52. Let e e A be a primitive idempotent and S the corresponding simple A-modulc. 
Assume F,xt\(S,S) = 0, pd(r _1 S') < 1 and that S is not injective. We define a BB tilting module jBBj 
with respect to e by 

T :=T- 1 S®(l-e)A 
A BB tilting module is called an APR tilting module [APR] if S is projective. 

Theorem 2.53. Let T be the BB tilting module with respect to e. 

(a) T is isomorphic to left mutation fj,^ A (A) of A with respect to eA. 

(b) T is a tilting A-module of projective dimension at most one. 
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Proof, (a) Take a minimal injective resolution of the A-module S: 

O^S — > D(Ae) -A / 

Since Ext^(S, 5) = 0, we have J G addZ?(yl(l — e)). Thus / is a minimal left addZ?(A(l — e))-approximation. 
Applying we have an exact sequence 

eA -^4 i^ 1 / — > r _1 S — ► 

with a minimal left (1 — e)A-approximation v f. Since pd(r _1 5 l ) < 1 and S is not injective, we have 
that v~ x f is injective. Thus we have T ~ io(j4). 

(b) Since i/ — / is injective, so is Hom K b( pro j_ j 4)((l — e)A,v~ 1 f). Thus the assertion follows from 
Theorem 12321 □ 

3. Transitivity for piecewise hereditary algebras 

The aim of this section is to prove the following result. 

Theorem 3.1. Let T = K b (proj-A) where A is either a hereditary algebra or a canonical algebra over a 
field k. Then the action of iterated irreducible silting mutation on silt T is transitive. 



The idea of our proof of Theorem 13. H is to compare silting objects with exceptional sequences. 
In the rest of this section let T be a triangulated category satisfying the following property. 

Assumption 3.2. For any X, Y G T we have Hom r (X, Y[£]) = for any \£\ > 0. 

Definition 3.3. Let T be a triangulated category. We say that an object X G T is exceptional if 
Hom-j-(X, X[j^ 0]) = and End-7-(A) is a division algebra. 

We say that a sequence (Xi, • • • , X n ) of exceptional objects in T is an exceptional sequence if 

Hom r (A l , Xj[Z]) = for any 1 < j < i < n. 

We say that an exceptional sequence is full if thick(]J" =1 Xi) = T. We denote by expT the set of 
isomorphism classes of full exceptional sequences in T ■ 

Clearly Z n acts on exp T by 

(*!,••• J n )(Xl,--- ,Xn) := {X^h},--- ,X n [t n }). 

Let B n be the braid group generated by o~i, ■■• ,o~ n —i with relations 

O-^j = (Tj(7i \i-j\ > 1, 

UiGi+iGi = a i+ iUia l+ i. 

Then B n acts on expT [GRj as follows: For an exceptional sequence X := {X\, ■ ■ ■ ,X n ) and 1 < i < n, 
define objects Lx i+1 Xi and i?XiX;+i in T by 

Xi TJ £eZ ^Hom r (A l , X i+1 [£\) ® fe X i+1 [£\ ^ L Xi+1 Xi[l] - X^l] 

X i+1 [-1] »- R Xl X t+1 »- JT, eZ Hom r (A 4 [4 X i+1 ) ® fc Xi[i] ^ X l+1 

and put 

Cj 1 X := (Xi, ■ ■ ■ , Xi-i,X{ + i, Lx i+1 Xi, Xi+2, • • • ,X n ), 
CjX := {Xi,- ■ ■ ,Xi-i,RxiXi + i,Xi + i,Xi + 2,- ■ ■ ,X n ). 
The following transitivity result of exceptional sequences is well-known. 

Theorem 3.4. [Ul IRinl IKMj Let T = K b (proj-A) where A is either a hereditary algebra or a canonical 
algebra over a field k. Then B n x Z n acts on expT transitively. 

We shall deduce Theorem 13.11 from Theorem 13.41 

We have the following connection between silting objects and exceptional sequences, asserting that 
any full exceptional sequence gives rise to a silting object. 
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Proposition 3.5. Let X = [X\, ■ ■ ■ ,X n ) be a full exceptional sequence in 7. Then there exists a G Z 
such that X\[l\\ © • • • © X n [£ n ] is a silting object for any integers 1% ■ • ■ ,£ n £ 2 satisfying £i + a < ti+\ 
for any 1 < i < n. 

Proof. By Assumption 13.21 there exists a > such that Hom-y-(Xi, Xj [> a]) = and any 1 < i,j < n. 
We shall show that a satisfies the desired condition. 

Let l\ ■ • ■ ,£ n be integers satisfying £i + a < ii+i for any i. Fix 1 < i < j ' < n. Since X G exp7~, we 
have HomrfJfj^],^^ + £}) = for any £ € Z and Hom r (X 4 [^], JQ[^ + £]) = for any £ ^ 0. On the 
other hand we have Hom-j- (X i[£ i], Xj[£j + £}) = for any £ > by £j + £ — £i > a and our choice of a. 
Thus we have the assertion. □ 

We have the following easy observation. 

Lemma 3.6. Let X = {X\, • • • , X n ) be a full exceptional sequence in T such that M = X\ © • • • © X n is 
a silting object. For any integers l\ < • • • < £ n we have the following. 

(1) Xx[£i] © • • • © X n [£ n ] is a silting object. 

(2) If £\ > 0, then X\ © • • • © X n and Xi[£i] ffi • • ■ ffi X„[£„] are transitive under iterated irreducible 
silting mutation. 

Proof. (1) Fix i < j. Since X e expT, we have Hom r (Xj [£,■], Xi[£ t + £]) = for any £ ^ 0. Since 
Xi ffi • • ■ © X n is a silting object and £ t < lj, wc have Hom 7 -(X i [^i], [£j + £]) = for any £ > 0. Thus 
we have the assertion. 

(2) We use the induction on £\ + ■ ■ ■ + £ n . Let £q := 0. Assume £i-\ < £i for some 1 < i < n. Then 
Hom7-(Xj [£j], Xi[£j]) = for any j > i since X G expT, and also for any j < i since M G silt T and 
£i — £j > 0. Consequently we have Hom-7- (X j [£ j], Xi[£i\) = for any j ^ i. Thus we have 

/*i 4M (Xi[*i] © • • • © X n [<„]) = ffi • • • - 1] • • • ffi X„[4J. 

Thus the assertion follows inductively. □ 

We have the following transitivity result. 

Proposition 3.7. Let (X\, • ■ ■ , X n ) be a full exceptional sequence in T and £\, ■■ ■ , £ n G Z, If Xi ffi ■ • • ffi 
X n and X\[£i\ ffi • • • ffi X n [£ n ] are silting objects, then they are transitive under iterated irreducible silting 
mutation. 

Proof. Choose integers < mi < •■ • < m n satisfying < m\ — 1\ < ■ ■ ■ < m n — £ n . By Lemma 13.61 wc 
have that X\ [mi] ffi • • • ffi X n [m„] is an iterated irreducible silting mutation of Xi ffi • • • ffi X n (respectively 
Xl[£i] ffi • • • ffi X n [£ n ]). Thus we have the assertion. □ 

In the rest of this section let T = K b (proj-^4) where A is either a hereditary algebra or a canonical 
algebra over a field. We can identify T with D b (.4) for a hereditary abelian category A. Any indecom- 
posable object in T is isomorphic to X[£] for some X G A and £ G Z. Moreover T satisfies Assumption 
I3~2l 

Let us start with the following preliminary results. 

Lemma 3.8. [H ; IV.1.2, IV.1.5] 

(1) Let X,Y G A be indecomposable objects satisfying Ext\(Y, X) = 0. Then any non-zero morphism 
f G Hom^4(AT, Y) is either injective or surjective. 

(2) Let X,Y G A be exceptional objects. If Hom - 4(A', Y) ^ and Ext\(X,Y) ^ 0, then we have 
Exe A (Y,X)^Q. 

We have the following result asserting that RHom^(AT, Y) is a stalk complex. 

Lemma 3.9. Let X,Y G T be indecomposable objects. If M := X ffi F satisfies Hom7-(M, M[> 0]) = 0, 
then there exists at most one £ G Z such that Hom-f(X,Y[£]) ^ 0. 
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Proof. Without loss of generality, we can assume that X and Z := Y[a] belong to A. Since A is hereditary, 
we have Hom r (X, zy= 0, 1]) = 0. Assume that Hom r (X, Z) ^ and Hom r (X, Z[l]) ^ 0. By Lemma 
EL8T2) we have Hom r (Z, X[l]) ^ 0. 

Since Romr(X, Z[l]) ^ 0, we have Hom-7-(M, M[l + a}) ^ 0. Thus we have a < 0. On the other hand, 
since Hoiri7-(,Z, X[l]) ^ 0, we have Kom-j-(M[a], M[l]) ^ 0. Thus we have a > 0, a contradiction. □ 

We have the following information about existence of £ in Lemma 13.91 

Lemma 3.10. Let X„ + i = X±, ■ ■ • , X n £ T be pairwise non-isomorphic indecomposable objects. Assume 
that the following conditions are satisfied. 

(i) M := X\ © • • • © X„ satisfies Hom r (M, M[> 0]) = 0. 

(ii) There exist integers £\,- • ■ ,4 £Z such that Hom7-(Xj, 7^ /or an?/ 1 < i < n. 
Tnen we Aave n = 1. 

Proof. By (i) we have £i < for any i. We take € Z such that Xj £ «4.[aj]. Since Hom-7-(Xi, Xj+if^i]) ^ 
0, we have Hom7-(^4[aj], ^4[ai+i + £i]) 7^ 0. Thus a^+i — a, + £j is either or 1. We have 

n n n 

0>^^ = ^( a i+i-°i+^) = I]( OT 1). 

i— 1 i—1 i— 1 

which implies l\ = ■ ■ ■ = £ n = and ai = • • • = a n . Thus we can assume that each Xi belongs to A. 

Assume n > 1 and take a non-zero morphism /j : Xi —> A, + i for any 1 < i < n. Let / n +i •= f\- 
Then /j is not an isomorphism and either injective or surjective by Proposition 13. 8f lV Also each /j+i/i 
is either injective or surjective again by Proposition 13. 8f l). So it is impossible that fi is surjective and 
/j+i is injective at the same time. It is easy to conclude that either all fi are injective or all fi are 
surjective. Thus /„ • • • /1 : X\ — > X\ is not an isomorphism and either injective or surjective. This is a 
contradiction. □ 

Now we show a certain converse of Proposition 13.51 asserting that any silting object gives rise to a full 
exceptional sequence. It is also possible to show this observation by applying |AST[ Theorem A]. 

Proposition 3.11. Let M = X\ © • ■ ■ © X n be a basic silting object in T . Then we can change indices 
of X\, ■ ■ ■ ,X n such that (X\, ■ ■ ■ ,X n ) is a full exceptional sequence in T. 

Proof. For each 1 < i, j < n, we write Xi < Xj if there exists a sequence Xi = X^ , Xi 2 , • • • , Xi m = Xj 
such that Hom-r(Xi a , Xi a+1 [£ a ]) ^ for some l a G Z. Clearly we have Xi < Xi and that Xi < Xj < Xk 
implies Xi < Xk- By Lemma f3. 101 we have that Xj < Xj < Xi implies i = j. This means that Xi, • • • , X„ 
forms a partially ordered set. Thus we can change indices of X\, • • • , X n such that X, < Xj implies i < j. 
Then (Xi, • • • , X n ) forms an exceptional sequence. □ 

For an exceptional sequence X = (Xi, • • • , X„), we let 

[[X]] := X 1 © • • • © X„ e r. 
The following is a main inductive step in the proof of Theorem 13.11 

Lemma 3.12. Let X = (Xi,-- - ,X„) be a full exceptional sequence in T such that [[X]] is a silting 
object. For any 1 < i < n, there exists £ G Z™ (respectively, m 6 Z, n ) such that [[(o"i,£)X]] (respectively, 
[[(o"^~ ,m)X]] / ) is a iterated irreducible silting mutation o/[[X]]. 

Proof. By Lemma 1331 there exists at most one a £ Z such that Honi7-(Xi, Xj_|_i[a]) ^ 0. Then a must be 
non-positive since [[X]] is silting. If such a does not exist, we let a := 0. 
By Assumption 13.21 there exists b < such that 

Eom. r (Xj[b],Xi +1 [£]) = for any 1 < j < i and a < £ < 0. (9) 

By Lemma 13.61 we have an exceptional sequence 

Y := (Xi[6], • • ■ , Xi_i [6], Xi, Xj+i, Xi + 2, • ■ • , X n ) 
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such that [[Y]] is an iterated irreducible silting mutation of [[X]]. Let 

Z := (-X"i[6], • • • , Xi,X i+ i[a],Xi+2, ■ • • ,X n ), 
<TiZ = {X 1 [b] r -',X i - 1 [b],Rx i (X i+ i[a]),X i ,X i+2 ,--',X n ). 
By our choice of a and (J5J) we have 

M7+ ( r } ([[Y]]) = [[Z]] and ^"^([[Y]]) = [fcZ]]. 

Consequently [[o^Z]] = [[(<7j,£)X]] is an iterated irreducible silting mutation of [[X]], where we put 
£:=(&,••• ,b,0,a,0,--- ,0). □ 

Now we are ready to prove Theorem 13.11 

Let T = Xi © • • • © X„ and {/ = Y\ © ■ ■ • © Y n be basic silting objects in T. By ProDOsition l3.11l we can 
assume that X = (Xj., ■ ■ ■ ,X n ) and Y = (Y\, - ■ ■ ,Y n ) are full exceptional sequences. By Theorem 13.41 
there exists (a, £) £ B„ x Z n such that Y = (a, £)X. Writing down a £ B n as a product of erf 1 , ■ ■ • , c^-i 
and applying Lemma 13.121 repeatedly, we have m £ Z n such that [[(a, Jn)X]] is an iterated irreducible 
silting mutation of [[X]]. By Proposition lXTl [[(a, m)X]} = [[(0,m — £)Y]] is an iterated irreducible silting 
mutation of [[Y]]. Thus we have the assertion. □ 

4. Silting subcategories in triangulated categories with coproducts 

The aim of this section is to study silting subcategories for triangulated categories which have arbitrary 
coproducts. We need to modify the definition of silting subcategories (Definition 14. ip from that in 
section [2 The advantage of this setting is that each set of compact objects gives rise to a torsion pair 
(Theorem 14. 3p . which is not the case for the setting of section [51 As an application, we deduce a result 
of Hoshino-Kato-Miyachi [HKMj . which associates a t-structure for each silting subcategory (Corollary 
I4.7|) . Moreover we show that this gives a one-to-one correspondence between silting subcategories and 
certain t-structures fTheorem l4.10[) . We also deduce a result of Pauksztello jPll IP2] on co-t-structures. 

Throughout this section, let T be a triangulated category with arbitrary coproducts. 

We say that an object X £ T is compact if Hom-7-(X, — ) commutes with arbitrary coproducts. We 
denote by T c the full subcategory consisting of compact objects in T. We say that a subcategory Ai 
of T is compact if M. C 7~ c , generating if M.\L]^ T = 0, and skeletally small if isomorphism classes of 
objects in A4 form a set. 

Definition 4.1. We say that a subcategory Ai of T is silting if YioTa-r{Ai, Ai[> 0]) = and Ai is a 
skeletally small compact and generating subcategory of T . 



In this case Ai is a silting subcategory of T c in the sense of Definition 12.11 by the following Neeman's 
result: 

Proposition 4.2. [N] For any compact generating subcategory Ai ofT, we have thickTW = T c . 

4.1. Torsion pairs induced by sets of compact objects. The following main result in this section 
asserts that each set of compact objects gives a t-structure. 

Theorem 4.3. Let T be a triangulated category with arbitrary coproducts, and let C be a set of objects 
in T c . Then ( (C ),C ) is a torsion pair. 

We need the following general observation of homotopy colimit [N] . 

Proposition 4.4. Let T be a triangulated category with arbitrary coproducts. For a sequence 

Xa>o v ai v d2 
> Ai > A2 > ■ ■ ■ 



we put 

l- shift : = I ° S 1 -^! ::: I :]J^II^ 



10 
-a 1 
-oi 1 



;>o ;>o 
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and take a triangle 

i>0 i>Q i>0 

where Y is called the homotopy colimit. Then we have the following isomorphism on T c : 

Hom r (-,r) ~ colim(Hom r (-,X ) ^ Hom r (-, X x ) ^ Hom r (-,X 2 ) ^ •••)■ 



Wc arc ready to prove our Theorem 14.31 

For any X G T, we only have to construct a triangle Sx — > X — > E/x — > £x [1] in T with f/x € C 1 - 
and S*x £ (C ). This is given as follows: 

Proposition 4.5. Fix X = Xo G T ■ For each i > we take a triangle 

a X t — ^ X i+1 ^ C t [1] (10) 

such that bi is a right MAC -approximation. This is possible since C forms a set. Thus we have a sequence 

Co C\ Ci 

bo | £>i \ b 2 1 

„ o „ oi v o a 

Aq *- Ai 3- A2 *- ' ' ' 



of morphisms. We denote by Li the inclusion Xi — > \J i>0 Xi. We take a triangle 

]J Xi 2z!^> ]J Xi A U X -+ XI [1] (11) 

i>0 i>0 i>0 

and for the composition d := clq : X — > Ux we take a triangle 

S x ^X^+Ux *S x [i\. (12) 

Then we have Sx G (C ) and Ux G C . 

Proof, (i) We shall show U x G C ± . 

For any i > we have an exact sequence 

Hom r (C,C 4 ) ^> Hom r (C, X,) Hom r (C, X J+1 ). 

Since 6^ is a right AddC-approximation, the left map is surjective, and hence the right map is zero. Since 
C consists of compact objects, we have by Proposition 14.41 

Hom r (C, U x ) ^ colim(Hom r (C,X ) A Hom r (C, X ± ) A •■•) = 0. 

Thus we have U x eC 1 . 

(ii) We shall show that d : X — > Ux is a left C^-approximation. 

Fix any / : X = X ->• F with Y G C x . Since / 6 G Hom r (C , Y) = 0, there exists f\:X\-*Y 
such that /o = JiOo by the triangle (|10[l . Similarly we have fi : Xi —> Y for any i > such that 

/i-i = faoi-i- (13) 




Now we consider a morphism 

/:=(/o/i •••) GHom r ([]X t ,Y). 

i>0 

By (U3J) we have /(l — shift) = 0. By the triangle (fTTj) there exists g G Homx (iTx , V) such that / = gc. 
In particular we have fo = /to = gd. 
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(iii) We shall show that Honi7-(]J- >0 Xj, C x ) — " hlh \ Hom-7-(]j i>0 Xi, C^) is surjective. 

Let Y G C x . Fix any / = (/ f\ •••) G Honi7-(TJ i>0 X,-, Y). Since / &o = 0, there exists g\ G 
Honi7-(Xi,F) such that /o = — .giao by the triangle (|10p . Since (/i — ,gi)foi = 0, there exists #2 G 
Honi7-(X2, y) such that /x — gi = —gia\. Similarly we have gi : Xi —^Y for any i > which makes the 
following diagram commutative. 

d >■ Xi >■ Xi + i s- d [1] 

Si -m 1 

y 

Now the morphism g := (0 .gi 32 • • • ) satisfies / = g(l — shift). 

(iv) Wc shall show that Hom 7 -(i7x,C- L [l]) ^> Hom r (X,C ± [f]) is injective. 

Let y G C-41]. Assume that / G Hom<7-(J/x, y) satisfies /d = 0. Put g = (g q\ ■■■):= fc E 
Hom r (]J- >0 Xi, y). Then we have g = fci = fd = 0. 



U v 1- shift 
i>o X 




Assume g; = for some i > 0. Since 

-gi+ia-i = gi - gi+ia t = g(l - shift) tj = /c(l - shift) ij = 0, 

we have that <?i+i factors through Ci\\] by the triangle ([T0|. Since y G £^[1], we have gi+i = 0. 
Inductively we have g = 0, so / factors through L/x — » Ui>o -^[1]- Now using (iii) we have / = 0. 
(v) Wc shall show S x e^(C^). 
We have an exact sequence 

Hom r ([/ A -,C ± ) A Hom r (X,C ± ) -4 Hom r (S , x ,C ± ) -4 Hom r (C/ x [-l], C^) Hom r (X[-l],C- L ). 

By (ii) the left map (-d) is surjective, and by (iv) the right map (-d[— 1]) is injective. Thus we have 
Homc(5x,C ± ) = 0, and we have the assertion. □ 

As special cases of Theorem 14.31 we have the following results due to Beligiannis-Reiten and Pauk- 
sztello. 

Corollary 4.6. Let T be a triangulated category with arbitrary coproducts, and C a set of objects in T° . 

(a) [BR] J/C[l] G C, then ( J -(C- L ),C J -[1]) is a t-structure. 

(b) [P2] IfC C C[l] , i/ien (-^-^[l], C x ) is a co -t-structure. 

Let us apply our results to more special cases, where we can describe the category (C ) in a more 
direct way. 

The first application is the following result (b) of Hoshino-Kato-Miyachi [HKMj . 

Corollary 4.7. Let T be a triangulated category with arbitrary coproducts and M. a skeletally small 
compact subcategory satisfying Honi7-(A'[, Ai[> 0]) =0. 

(a) We have ^(M[> 0]^) C M[< 0]^. 

(b) If M. is a silting subcategory, then equality in (a) holds and (A4[< 0] ± , A4[> 0] ) is a t-structure 
ofT. 

Proof. Let C := M.[> 0]. For any X G T, we apply Proposition 14.51 to get a triangle fix — > X A f/x — ► 
S x [l] with 5x G X (C X ) and U x G C-K 

Applying Hom7-(A / ([< 0], — ) to ([TU]) for any i > 0, we have an isomorphism 

(or) : Hom r (M[< 0],X) A Hom r (A4[< 0],X. t+1 ). 
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Since A4[< 0] is compact, Proposition 14. 41 gives an isomorphism 

(d-) : Hom r (A^[< 0],X) ^ Hom r (.M[< 0],U X ). (14) 

(a) Let X G (C ). Then the morphism d : X —> Ux is zero since U x £ C ■ Since (|14p is an 
isomorphism which is zero, we have Hom<7-(.M[< 0], X) = 0. 

(b) By Theorem IQ1 we only have to show ± (C ± ) = M[< 0]- 1 . By (a), we only have to show ± (C ± ) D 
M[< 0]^. Let X E M[< 0]- 1 . By (O, we have Hom r (X[< 0},U X ) ^ Hom r (X[< 0],X) = 0. Thus 
?/*- £ C 1 - n M[< 0} 1 - = M\L\^ = 0, and we have X ~ Sx € ^(C^). □ 

The second application is Corollary 14.81 below, which is a version of a result of Pauksztcllo jPl] on 
co-t-structures, where the assumption Hom-7-(.M, -M[l]) = in |P1| is dropped. 

We say that a subcategory A4 of T is cosilting if Hom7-(A / (, A^[< 0]) = and .M is a skeletally small 
compact and generating subcategory of T. 

We say that an additive category Ai is semisimple if Endjvi(A) is a scmisimple ring for any X 6 M. 

Corollary 4.8. Let T be a triangulated category with arbitrary coproducts and M. a skeletally small 
compact and semisimple subcategory satisfying Hom-7-(.M, A4[< 0]) = 0. 

(a) Wehave ± (M[<0] ± )CM[>0] ± . 

(b) If M is a cosilting subcategory, then equality in (a) holds and (M\> 0]^,A / ([< 0]^) is a co-t- 
structure of T ■ 

Proof. Let C := A4[< 0]. For any X £ T, we apply Proposition 14.51 with an additional assumption that 

Hom-j-(A4[— 1], Ci) Honi7-(.M[— 1], Xi) is an isomorphism for any i > 0. This is possible since A4 is 
semisimple. Applying Hom-r(Ai[> 0], — ) to (p~0|) for any i > 0, we have an isomorphism 

(or) : Uom T (M[> 0],X t ) ^> Hom r (M[> 0},X i+1 ). 

Since M.[> 0] is compact, Proposition 14.41 implies that our triangle Sx — > X A- Ux — > S x [l] induces an 
isomorphism 

(d-) : Hom r (A^[> 0],X) A Hom r (A^[> 0],U X ). (15) 

(a) Let X G (C ). Then the morphism d : X — >• ?7x is zero since Ux £ C ■ Since (|15[l is an 
isomorphism which is zero, we have Hom-r(A4[> 0],X) = 0. 

(b) By Theorem IP1 we only have to show ± (C X ) D M[> 0]^. Let I 6 X[> 0] 1 . By (JI5J, we have 
Hom r (A4[> 0], f/jf) - Hom r (.M[> 0],X) = 0. Thus U x £ n M[> 0] x = M[Z] X = 0, and we have 
X ~ 5 A - £ X (C- L ). □ 

4.2. The correspondence between silting subcategories and t-structures. Let T be a triangu- 
lated category with arbitrary coproducts. For a silting subcategory M. of 7~, we observed in Corollary 
14.71 that we have a t-structure (Tnj°, 7"^°) given by 

T^°:= ± (>1[>0] ± ) = A^[<0] ± and 7^° := M[> 0] x . 

The aim of this subsection is to characterize these t-structures obtained from silting subcategories. The 
following definition is suggested by Proposition ^. 131 

Definition 4.9. Let (7~-°, 7~-°) be a t-structure in T with the heart T°. Define a subcategory of T by 

X = M(T-°,T-°) :=T-"n ± (T <0 )nT c . 

(a) We say that the t-structure (7~-°, T-°) is silting if .M is skeletally small and generating. 

(b) We say that a silting t-structure is tilting if M C T°. 

The names of these t-structures are explained by the following our main results in this subsection. 
Theorem 4.10. (a) We have mutually inverse bijections 

M^Om°,T^°) and (T^,r^°)^M(T^,r^ ) 

between silting subcategories of T and silting t-structures of T ■ 
(b) These induce bijections between tilting subcategories of T and tilting t-structures of T ■ 
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We need the following observation. 
Lemma 4.11. Let (T-°,T-°) be an arbitrary t-structure in T and M := M{T- a ,T-°). Then 



Hom r (A4,T-°[> 0]) = 0, (16) 

Hom r (X,r-°[< 0]) = 0, (17) 

Rom T {M,M[> 0]) = 0. (18) 

Proof. By M C - L (T <0 ), we have JTBJ. By M C T-°, we have (IT]). By jM C T-° and (JIBJ), we have 

CHI). □ 

Now we are ready to prove Theorem 14. 101 



(a)(i) Let (T-°,T-°) be a silting t-structure and Al := M(T-°,T-°). Then X is skeletally small 
compact and generating by definition. Thus M. is a silting subcategory by (1181) . 
We have T-°C by (JUJ, and we have T-° C by dTBJ). Moreover we have 

r <o = ^ (r >o )D ± (r >o )=7 ^0 ) 

r >o = (r <cy D ^cy = r ^o 

by Corollary 14771 so (7^°,T^°) = (T^°,T^°) holds. 

(ii) Let M. be a silting subcategory of 7". Then (T^j , 7^°) is a t-structure of T by Corollary 14. 71 Let 
M := M(T^°, T&). Then N is skeletally small since T c is skeletally small by Remark 12.91 We have 



Hom r (A/,A/[> 0]) =0 (19) 

by CEE1). Since M is silting, we have M C M[< 0] 1 - = T^°. Since = A4[< 0]- 1 , we have 
Hom r (A / (, 7^°) = and so M C ^(T^j ). Consequently we have 

Wcr^'n 1 (7£°) n T c = AT. (20) 



Since A'f is generating, so is N. By ([!§]) . we have that AA is a silting subcategory of T. In particular, 

(Tm°'7m°) ^ s a siting t-structurc. 

Now Ai and A/" arc silting subcategories of T c in the sense of Definition 12.11 by Proposition 14.21 By 
(|2U)) and Theorem 12. 181 we have Ai = N '. Thus our correspondences are mutually inverse. 

(b) Let Ai be a tilting subcategory of T- Then A^ is contained in both 7^° and T^°, so we have 
Ai C T^. Since A4(T^°,7^°) equals to A4, we have that (T^°,T^°) is a tilting t-structure. 

Let (T-°,T-°) be a tilting t-structure and X := M(T-°, T-°). Since X C T°, we have 

Hom r (AL A4[< 0]) C Hom r (T-°,T >0 ) = 0. 
Thus Ai is a tilting subcategory of T. □ 
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